Abstract There cannot exist divergence-conforming polynomial rooftop functions for a general quadrilateral which is not a parallelogram. Indeed the simplest possible vector function with constant divergence over a convex quadrilateral, which is not a parallelogram, is a rational vector function.
INTRODUCTION
Geometric subdivision of flat surfaces for use in computational electromagnetics is usually performed by using triangular and rectangular patches, or a mixture of both. The fundamental reason for the triangular and/or rectangular subdivision scheme, is that the currents can then be expanded in a basis of simple linear divergence-conforming vector functions [1] , also called rooftop functions or surface doublets [2] - [4] , which satisfy the pertinent continuity equations and exhibit a locally constant charge distribution. For general quadrilaterals however, there do not exist linear rooftop functions with locally constant charge distribution that satisfy all of the relevant continuity requirements [5] . In this paper we show that for a general quadrilateral, which is not a parallelogram, there cannot even exist divergence-conforming polynomial rooftop doublets.
It is shown that the simplest possible vector function with constant divergence over a convex quadrilateral, which is not a parallelogram, is a rational vector function.
MAIN RESULTS
Consider an oriented quadrilateral Q with vertices {r 1 r 2 r 3 r 4 } and sides {σ 1 σ 2 σ 3 σ 4 } as shown in Figure 1 . We assume that the quadrilateral is not of the bow tie type i.e. is not self-intersecting. The lengths of the sides σ i and the corresponding unit tangents are defined as
and the notation i + 1 corresponds with the cyclical shift operator (1, 2, 3, 4) → (2, 3, 4, 1). The corresponding exterior unit normals n i can be obtained by the transformation n x = t y , n y = −t x .
Our aim is to obtain an explicit analytical expression (as simple as possible) for a vector field J satisfying the constant charge distribution divergence equation
where S is the surface of the quadrilateral, together with the boundary condition
where φ(s) is a function defined over the boundary ∂Q of the quadrilateral. As in the case of triangular and rectangular rooftop functions [3] , [4] , we impose local continuity as defined in [5] .
In other words we require that the normal component φ(s) is piecewise constant over ∂Q i.e.
φ(s) admits a constant value over each of the sides of the quadrilateral.
An explicit solution of (2) is given by
Note that a description of J in the form (4)- (5) implies that its surface curl can be written as
where ∇ 2 is the Laplacian operator. Denoting r = xu x + yu y , the boundary condition (3) can be written as
Equation (7) can be explicitly integrated over the boundary ∂Q of the quadrilateral, parametrized by the arc-length s. We have
The functions φ(s) and r(s)·n(s) being piecewise constant over the boundary of the quadrilateral, the function
represents a piecewise linear function over ∂Q. Since piecewise linear functions can be expanded in triangular hat functions [6] , we can restrict our aim to obtaining a function ξ 1 (r) such that
where s is the length measured from vertex r 1 to r 2 resp. r 4 . From requirement (10) it is seen that ξ 1 (r) must contain the factor
The restriction of ψ(r) to σ 1 and σ 4 however, is in general quadratic in s and hence an additional factor has to be introduced. This cannot be a polynomial factor, since in that case we cannot possibly satisfy the piecewise linear requirements (11) and (12). Therefore we propose what is the next simplest factor after a polynomial one, that is a linear denominator factor. This yields the rational function
where α 1 and k 1 are parameters to be determined. The conditions
lead to
[
Matching the coefficients of powers of s in (17)- (18), we obtain
Hence k 1 can be written as
Note that when Q is a parallelogram, we have t 1 · n 3 = t 2 · n 4 = 0, implying k 1 = 0. Hence, for a parallelogram, the function ξ 1 (r) is quadratic, resulting in a linear vector field J similar to the classical rooftop basis functions for rectangles [3] .
The general α i , k i , ξ i (r) formulation for the other vertices r i can be found by cyclical shift.
Returning to equations (8) and (9), we are now in a position to calculate the function ζ 1 (r) corresponding to
The constant A 1 and function τ 1 (s) corresponding to φ 1 (s) are given by
and
where s = 0 is chosen to correspond with the vertex r 1 . Since τ 1 (s) is piecewise linear, knowledge of the location of its summits and the function values at these summits, is sufficient to describe τ 1 (s). We have
where the last equation follows from the fact that
This leads to the following compact description of ζ 1 (r) :
The general ζ i (r) formulation corresponding to the other sides σ i can be found by cyclical shift.
Finally, the corresponding vector fields J i are found as
THE CONVEXITY ISSUE
Consider the function ξ 1 (r). By construction, the line α 1 − k 1 · (r − r 1 ) = 0, which we call the directrix δ 1 of ξ 1 (r), does not intersect the sides σ 1 and σ 4 . But the possibility of an intersection of δ 1 and σ 2 ∪ σ 3 exists, especially when Q is non-convex, i.e. boomerang-like.
We illustrate this by means of the following example. we have a non-convex quadrilateral. It is easily shown that the directrix δ 1 can be written as
, the directrix does not intersect σ 2 ∪ σ 3 . For b = 1, the directrix recedes to infinity, as can be expected for a square. For b < 1 2 , the directrix δ 1 intersects σ 2 ∪ σ 3 in two points, and for b = 1 2 we no longer have a quadrilateral, but a triangle. Hence, we conclude that the basisfunctions are appropriate only for convex quadrilaterals. In Figures 2-4 we show the typical vector field J 1 corresponding with the quadrilateral defined above for the value b = 1.5. 
